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Motivation 
Research Objectives 
 

Motivation 
• Increased focus on renewable generation and many concerns in 

planning and operation of modern power systems 
• Margins of operations for thermal generators to provide system 

reliability  and efficiency  
• A wide variety of probabilistic methods to incorporate uncertainties 

due to renewable sources integration 
– Monte-Carlo Simulation (MCS) 
– Analytical Methods (Convolution methods) 
– Probabilistic Methods (PDF) 
– Self Validated Computation Methods (SVC) 

• Interval Arithmetic (IA) 
• Affine Arithmetic (AA) 
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Motivation 

Research Objectives 
 

Research Objectives 

• Develop an accurate and efficient AA-based OPF 
model to incorporate uncertainties in power systems. 

– Validate the AA-based operation system models with the 
MCS based method. 

• Use the resulting AA based intervals to estimate the 
spinning reserve requirements in the presence of high 
DG penetration without PDFs. 

• Test and validate the model on small and large 
systems. 
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Self-Validated Computation Method 
Interval Arithmetic 
Affine Arithmetic 

 
Self-Validated Computation Method 

• Most of the uncertainty analysis techniques, such as 
the MCS method, only capture external 
uncertainties. 

 
• SVC methods keep track of internal errors 

inherently. 
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• Considers internal and external errors, and provids the most 
conservative bounds  

𝑥� + 𝑦� = [ 𝑥 + 𝑦 , �̅� + 𝑦� ] 
𝑥� − 𝑦� = [ 𝑥 − 𝑦� , �̅� − 𝑦 ] 

𝑥� .𝑦� = min  𝑥.𝑦 , 𝑥.𝑦�, �̅�.𝑦 , �̅�.𝑦� , max  𝑥.𝑦 , 𝑥.𝑦�, �̅�.𝑦 , �̅�.𝑦�  
𝑥�
𝑦�

 =  𝑥 , 𝑥 . [ 1 𝑦��  , 1 𝑦� ] 

 
• Disadvantages of IA: 

 Dependency problem 
 Overflow problem  
 Error explosion 

 

SVC Methods: Interval Arithmetic (IA) 
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Self-Validated Computation Method 

Interval Arithmetic 
Affine Arithmetic 
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SVC Methods: Affine Arithmetic (AA) 
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• It is an enhanced model for self validated numerical modeling, in which the 
quantities of interests presented as affine forms of certain primitive 
variables. 

• It keeps track of correlations between computed and input quantities  

• Affine representation of a value: 

𝑥� = 𝑥0 + 𝑥1𝜀1 + 𝑥2𝜀2 + ⋯+ 𝑥𝑛𝜀𝑛 

• Interval range: 

𝑥� = 𝑥0 −� 𝑥𝑖
𝑖

 , 𝑥0 + � 𝑥𝑖
𝑖

 

 

Self-Validated Computation Method 
Interval Arithmetic 

Affine Arithmetic 
 

Introduction 
Background Review 

AA-based OPF  
Results and discussions  



FERC Conference  Mehrdad Pirnia 

AA vs. IA  
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Self-Validated Computation Method 
Interval Arithmetic 

Affine Arithmetic 
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𝑥� = 10 + 2𝜀1 + 1𝜀2           − 1𝜀4 
𝑦� = 20 − 3𝜀1           + 1𝜀3 + 1𝜀4 

 
 
 

𝑥� = 6 , 14  
 

𝑦� = 12 , 28  
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Basic Affine Operations 
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Self-Validated Computation Method 
Interval Arithmetic 

Affine Arithmetic 
 

𝑧 = 𝑓 𝑥,𝑦 →  �̃� = 𝑓(𝑥�,𝑦�) 
 
 

𝑥� ± 𝑦� = 𝑥0 ± 𝑦0 + 𝑥1 ± 𝑦1 𝜀1 + ⋯+ 𝑥𝑛 ± 𝑦𝑛 𝜀𝑛 

𝛼𝑥� = 𝛼𝑥0 + (𝛼𝑥1)𝜀1 + (𝛼𝑥2)𝜀2 + ⋯+ (𝛼𝑥𝑛)𝜀𝑛 

𝑥� ± 𝜑 = 𝑥0 ± 𝜑 + 𝑥1𝜀1 + 𝑥2𝜀2 + ⋯+ 𝑥𝑛𝜀𝑛 
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Non-Affine Operations 
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𝑧 = 𝑓 𝑥,𝑦 →  �̃� = 𝑓 𝑥�,𝑦�  

𝑓∗ 𝜀1, … , 𝜀𝑛 = 𝑥0𝑦0 + � 𝑥0 𝑦𝑖 + 𝑦0 𝑥𝑖  𝜀𝑖

𝑛

𝑖=1

+ �𝑥𝑖𝜀𝑖

𝑛

𝑖=1

�𝑦𝑖𝜀𝑖

𝑛

𝑖=1

 

𝑥�𝑦� = 𝑥0 𝑦0 + � 𝑥0 𝑦𝑖 + 𝑦0 𝑥𝑖  𝜀𝑖

𝑛

𝑖=1

+ 𝑧𝑘 𝜀𝑘 

𝑧𝑘 = � 𝑥𝑖

𝑛

𝑖=1

� 𝑦𝑖

𝑛

𝑖=1
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AA-based Mathematical Model 
Contraction Method 

AA-based OPF model 
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AA-based Mathematical Model 
Contraction Method 
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Bus Voltage Components in AA Form 
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�̃�𝑖 = 𝑒𝑖0 + �𝑒𝑖,𝑗𝑃  𝜀𝑃𝑗𝐷
𝑗𝑗𝑗

+ �𝑒𝑖,𝑗
𝑄  𝜀𝑄𝑗𝐷

𝑗𝑗𝑗

                         ∀𝑖 ∈ 𝑁 

𝑓𝑖 = 𝑓𝑖0 + �𝑓𝑖,𝑗𝑃  𝜀𝑃𝑗𝐷
𝑗𝑗𝑗

+ �𝑓𝑖,𝑗
𝑄  𝜀𝑄𝑗𝐷

𝑗𝑗𝑗

                           ∀𝑖 ∈ 𝑁 

 

AA-based Mathematical Model 
Contraction Method 

𝑒𝑖,𝑗𝑃 =
𝜕𝑒𝑖
𝜕𝑃𝑗𝐷

�
0

≈  
𝑒𝑖𝑗 − 𝑒𝑖0

∆𝑃𝑗𝐷
                                         ∀𝑖, 𝑗 ∈ 𝑁 

𝑒𝑖,𝑗
𝑄 =

𝜕𝑒𝑖
𝜕𝑄𝑗𝐷

�
0

≈  
𝑒𝑖𝑗 − 𝑒𝑖0

∆𝑄𝑗𝐷
                                         ∀𝑖, 𝑗 ∈ 𝑁 

𝑓𝑖,𝑗𝑃 =
𝜕𝑓𝑖
𝜕𝑃𝑗𝐷

�
0

≈  
𝑓𝑖𝑗 − 𝑓𝑖0

∆𝑃𝑗𝐷
                                         ∀𝑖, 𝑗 ∈ 𝑁 

𝑓𝑖,𝑗
𝑄 =

𝜕𝑓𝑖
𝜕𝑄𝑗𝐷

�
0

≈  
𝑓𝑖𝑗 − 𝑓𝑖0

∆𝑄𝑗𝐷
                                          ∀𝑖, 𝑗 ∈ 𝑁 
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Affine Real and Reactive Power 
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Affine Real and Reactive Power 
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AA-based Mathematical Model 
Contraction Method 

Reactive power 𝑃�and 𝑄�  are calculated as follows: 
𝑃� = �̃� 𝐼𝑟 + 𝑓 𝐼𝑖𝑖 

𝑄� = 𝑓 �𝐼𝑟 − �̃� 𝐼𝑖𝑖 

𝑃𝑖�  and 𝑄𝑖� have the following affine forms: 

𝑃𝑖� = 𝑃𝑖,0 + �𝑃𝑖,𝑗𝑃 𝜀𝑃𝑗𝐷
𝑗

+ �𝑃𝑖,𝑗
𝑄𝜀𝑄𝑗𝐷

𝑗

+ 𝑃𝑖𝑇𝜀𝑇𝑖 

𝑄𝑖� = 𝑄𝑖,0 + �𝑄𝑖,𝑗𝑃 𝜀𝑃𝑗𝐷 + �𝑄𝑖,𝑗
𝑄 𝜀𝑄𝑗𝐷

𝑗𝑗

+ 𝑄𝑖𝑇𝜀𝑇𝑖 
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AA-based Mathematical Model 

Contraction Method 

Contraction Method 

min      𝐹� 𝜀𝑃𝑗𝐷 , 𝜀𝑄𝑗𝐷  

s.t.: ∆𝑃�𝑖 𝜀𝑃𝑗𝐷 , 𝜀𝑄𝑗𝐷 = 0                                                                          ∀𝑖 ∈ 𝑁 
  ∆𝑄�𝑖 𝜀𝑃𝑗𝐷 , 𝜀𝑄𝑗𝐷 = 0                                                                          ∀𝑖 ∈ 𝑁 
  𝑃𝑖𝑖𝑖𝑛 ≤ 𝑃�𝑖 𝜀𝑃𝑗𝐷 , 𝜀𝑄𝑗𝐷 ≤ 𝑃𝑖𝑖𝑚𝑚                                                      ∀𝑖 ∈ 𝑁𝑃𝑁 
  𝑄𝑖𝑖𝑖𝑛 ≤ 𝑄�𝑖 𝜀𝑃𝑗𝐷 , 𝜀𝑄𝑗𝐷 ≤ 𝑄𝑖𝑖𝑚𝑚                                                     ∀𝑖 ∈ 𝑁𝑃𝑁 
  𝐼𝑖𝑗𝑖𝑖𝑛

2
≤ 𝐼𝑟𝑖𝑗

2 𝜀𝑃𝑗𝐷 , 𝜀𝑄𝑗𝐷
+ 𝐼𝑖𝑖𝑖𝑗

2

𝜀𝑃𝑗𝐷 , 𝜀𝑄𝑗𝐷 ≤ 𝐼𝑖𝑗𝑖𝑚𝑚
2            ∀𝑖𝑗 ∈ 𝐿 

  𝑉𝑖𝑖𝑖𝑛
2
≤ 𝑉�𝑖

2 𝜀𝑃𝑗𝐷 , 𝜀𝑄𝑗𝐷 ≤ 𝑉𝑖𝑖𝑚𝑚
2                                                   ∀𝑖 ∈ 𝑁 
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AA is implemented in GAMS, for IEEE 30-bus 
benchmark system and a real 1211-bus European 
system. 
Results are compared with Monte-Carlo simulation. 
MCS uses: 

• 3000 iterations 
• Uniform distribution 
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AA v.s. MCS Real and Reactive Power Ranges 
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30-bus Benchmarking System 
Large real system 
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AA v.s. MCS Bus Voltage Magnitude Intervals 
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AA v.s. MCS Real and Reactive Power  (Thermals) 
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AA v.s. MCS Bus Voltage Magnitudes  
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Results: Thermal Generators’ output range 
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Total Thermal Reserve AA-based Method 
(GW) 

MCS-based Method 
(GW) % of Error 

Maximum   143.9 142.6 0.91% 

Minimum  131.1  128.2   2.21% 
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Future Work 
Develop a computationally efficient and numerically accurate AA-
based model to solve the stochastic UC model with intermittent 
sources of energy such as wind and solar. 

Provide a detailed comparison of the AA-based solution with the other 
available solutions such as MCS in regards to its computational 
efficiency and numerical accuracy.  

Use AA-based method to develop local marginal price intervals, due 
to uncertainties in the system. 
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Chebyshev Approximation 
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AA-Based PF Formula 
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Convolution Method 
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Probabilistic power injection is a function of random variables, generation and load thus the 
result is a random variable with a PDF 
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