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Motivation
• Power system operations (power flow analysis, optimal power 

flow (OPF), economic dispatch and unit commitment models) 
are expected to be impacted significantly, due to the 
intermittent nature of renewable sources.

• A wide variety of probabilistic methods are reported to incorporate 
uncertainties in renewable sources. 
– Monte-Carlo Simulation (MCS)
– Analytical Methods (Convolution methods)
– Probabilistic Methods (PDF)
– Self Validated Computation Methods (SVC)

• Interval Arithmetic (IA)
• Affine Arithmetic (AA)
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SVC: computation methods in which approximate results are automatically provided with guaranteed error bounds. Where computer itself is keeps track of the accuracy of the computed quantities. These errors can be external to the computation (contaminated measured data or missing data) or internal due to the discrete nature of digital computation, resource limitation , truncated series, rounded algorithms.

IA was developed in the 1960’s by Moore, and is the simplest and most efficient of all SCV. 

AA is a more complex and expensive computation model, designed to give tighter and more informative bounds than IA. It is proposed recently by Stolfi. 
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Literature Review: Probabilistic Power Flow

• Probabilistic power flow first paper (Borkowska, 1974) 
– Uses PDF of independent demand variables, in a dc model
– Convolution method is used to obtain the PDF of the output data

• (Leite da Silva et al, 1984) considered correlation between input random variable, and 
(Allan et al) uses linearization techniques to extend the probabilistic power flow model to 
ac system.

• Other methods such as FFT transformation based convolution method, multi-linearization 
technique, technique of moments, and Cumulants method are also reported to enhance the 
PDF of the power flow solution.

• Interval method is used by (Alvarado et al, 1992) to provide strict bounds to the solution of 
the power flow problem.
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- Convolution method assumes using the independent input data

In [2] all the dependent variables are converted into a single variable by considering their arithmetic sum, and resulting indep var is convoluted with the rest of indep variables

 FFT shows a better precision and performance than other methods like Laplace. As it takes advantage of the properties of exponential functions.

Other methods use multi linearization techniques, to overcome the inaccuracies raising from the linearization only around the expected value. in order to reduce the inaccuracy resulting from power flow linearization only around the expected value of the input data, especially around the tail region as it is furthest from the point of linearization. In this paper instead of one linearization around the expected value, different points based on the maximum and minimum values of input data are linearized. A convolution process is then used to find the PDF of each of these linearized points. 

In order to improve the linear approximations of the power flow equations, a second order probabilistic load flow method, based on the expansion of the power flow equations around a solution point using Taylor series is used in [46], and then the technique of moments is applied to the second order approximations to obtain the statistical characteristics of the output variables
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Research Objectives

• Develop an optimization based model of the classical power flow problem using 
complementarity conditions, to properly represent generator bus voltage control, 
including reactive power limits and voltage recovery processes.

• Develop an accurate and efficient AA-based power flow model to incorporate 
uncertainties in power systems.

• Develop an accurate and efficient AA-based OPF model to incorporat e 
uncertainties in power systems.

– Validate the AA-based operation system models with the MCS based method.

• Develop an AA based method to estimate the spinning reserve requirements in the 
presence of high DG penetration.

• Develop an AA-based method to incorporate the uncertainties in Optimal 
Transmission Line Switching solution.
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Power Flow Analysis Problem: Definition

• Provides network solutions such as voltage 
magnitudes and angles for a given set of operating 
conditions.

• Uses iterative methods to solve the system of 
nonlinear equations:
– Gauss-Seidel 
– Newton-Raphson
– Fast Decoupled Newton-Raphson
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Power Flow: Newton-Raphson Method
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Due to the nonlinear nature of the power flow equations, numerical methods are employed to obtain a solution that is within an acceptable tolerance. This solution is referred to as an “unconstrained” solution since it has been obtained without taking into account the limits on the output variables, in particular max/min values of the reactive power at generation buses, max/min voltages module at load buses, etc. Therefore, if the obtained unconstrained solution is not feasible, a new solution satisfying the limits on the output variables, namely, a “constrained” feasible solution, should be computed. In this context, the feasibility of the reactive power limits at the generation buses is probably the most relevant issue that needs to be considered [21]. To solve this problem, the typical solution strategy is to carry out a bus-type “switching”, which consists on converting a PV-bus into a PQ-bus with the reactive power set at the limiting value if the corresponding limits are violated; if at any consequent iteration, the voltage magnitude at that bus is below or above its original set point, depending on whether the generator is respectively underexcited or overexcited, the bus is then reverted back to a PV-bus.

-----------------------------------------------------------------------------------

generation of a sequence of approximate solutions by solving linear approximations to the nonlinear

equations; constructing each linear approximation in the sequence as

a first-order Taylor approximation about the previous approximate solution;

and, when necessary to speed convergence, adjusting the generated

sequence of approximate solutions by a procedure called "damping." Newton’s

method must be modified for application to the solution of an NCP,

but it results in: a sequence of LCPs that approximate the NCP; each

LCP is formulated by a first-order Taylor approximation to the functions

 () about the approximate solution calculated by the previous LCP; and

a type of damping is sometimes employed, to speed convergence.

-----------------------------------------------------------------------------------

solving a nonlinear equation (or a system of nonlinear equations) by

solving a sequence of linear equations (or systems of linear equations) that

approximate the nonlinear version of the problem. Each approximate linear

problem is defined by using the derivative (gradient for systems of equations)

evaluated at the most recent solution in the sequence, to determine

the linear part of the approximation. Thus, the derivative (or gradient) of

the nonlinear function must be well-defined, and preferably continuous —

the nonlinear function is "smooth" — for this method to work. If all goes

well, then the sequence of solutions to the linear approximations converges to the solution of the nonlinear problem. Convergence is not guaranteed

in general, depending on whether the first guess of a solution — provided

by the user, to determine the first linear approximation in the sequence —

is far from the actual solution.

-------------------------------------------------------------------------------

It is an iterative method which starts with a guess

of a solution, 0, and then approximates the nonlinear function  () by a

linear function whose slope is the derivative of  at 0,  0(0). This gives

an approximate equation  (0) +  0(0)( − 0) = 0. The solution of this

approximate, linear equation is the next iterate, 1, where a new linear

approximation is solved for 2. The process is repeated until an iteration

, when f(xk) is sufficiently close to zero.

----------------------

This wild behavior can often be tamed by a "damping" procedure,

in which the next iterate  is not taken to be the result of the

Newton calculation (8.26b), called the "Newton point," but instead is a

point between the current iterate −1 and the Newton point.

----------------------------

Alfa is a coefficient between 0 and 1, and is chosen in a way to have the next iterate on the line joing the previous solution and the current one, such that the norm or other criteria will decrease. The coeficent can be dynamic (changes in each iterate) or static through the whole procedure.
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Proposed MCP Based Power Flow Model

• The NR method has 
convergence problem, when 
using flat start in large systems.

• The power flow problem is 
formulated as an MCP to take 
advantage of robust and efficient 
state-of-the-art NLP and MCP 
solvers.

• The solution of the proposed 
MCP model is shown to be 
accurate, flexible and robust.
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Proposed Power Flow MCP 
Affine-Based Power Flow Model

Complementarity Constraints
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GRG method uses the iteration technique as it’s used in NR. As long as it’s shown that the search direction of NR is the same as GRG for the MCP problem, our claim is proved.
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GRG method uses the iteration technique as it’s used in NR. As long as it’s shown that the search direction of NR is the same as GRG for the MCP problem, our claim is proved.
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Proposed Power Flow MCP 
Affine-Based Power Flow Model

Computational Efficiency
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Proposed Power Flow MCP 
Affine-Based Power Flow Model

Computational Robustness
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SVC Methods: Interval Analysis (IA)
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The range estimates computed by IA tend to be too large, especially in complicated expressions

The over estimation is because of the IA assumption that arguments intervals are independent from each other



- over flow: generating an infinity value when calculating extreme values of a function

Domain violation: in square root ignores any parts of the given interval which is outside of domain definition

Error explosion problem: In IA the computed intervals are some times too large to be useful. This problem usually happens in long computation chain when the output of a function is input for another.

X-x when x is [2,5]  [2,5]-[2,5]=[-3,3]

One solution for error explosion is splitting the input range into smaller range and find the output range and finally aggregate all the output ranges

Or another way is lumping several mathematical function into one
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SVC Methods: Affine Arithmetic (AA)
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AA is an alternative approach to IA that can be more resistant to over-conservatism due to its ability to keep track of correlation between computed and input quantities.

In addition to keeping track of rounding and truncation error, it keeps track of correlation between input data.

An affine expression is a first degree polynomial on the noise symbols

Therefore it provides much tighter bounds

However, it’s more complex and expensive than ordinary interval method

X0 is the central value of the affine from, the coefficient xi is the partial deviation or noise magnitude, and the eps. Is the noise symbole.

Each noise symbol eps. Stands for an independent component of the total uncertainty of the x.

Source of uncertainty is either external (due to original measurement error, indeterminancy, or numerical approximation affecting some input date) or internal (arithmetic round off, series truncation, function approximation, and other numerical errors committed in the computation of x).

Another important source of error is the need to cast the result of nonlinear operations as affine.

There is a single set of eps values for affine form that would be equal to the value corresponding to the ideal situation.

One noise symbol may contribute to the uncertainty of two or more quantities.

Sharing of a noise symbol between two quantities declares the partial dependency between the two. 

Conversion from affine to interval form is necessary to consider the input data and analyse the output.

This conversion discards all knowledge of constraints between the computed quantities
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Joint range of affine form for related quantities

A key feature of AA models is that the same noise ε

i may appear in different quantities thus representing the same

source of uncertainty in the given process.
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Power Flow Analysis Problem

Self-Validated Computation Method

Basic Affine Operations
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- Each ordinary operation should be changed by its affine form

The affine operation should preserve all the information about affine values

Affine function describes all the information about the quantities x,y, and z that can be deduced from the given affine form

Xaffine-Xaffine=0 the subtraction formula knows that the operands are actually the same quantity, not two quantities with the same range
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Self-Validated Computation Method

Non-Affine Operations
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If an affine value z is expressed with a non-affine function f over xaff and yaff, then zaff would not be an exact affine combination of x and y. therefore we must pick some f(a) to approxinate (epsi) over its domain.

The approximation error is independent from other noise values

The approximation error is quadratically dependent on the affine input value, therefore reducing the intervals will reduce the error significantly.



The product operation is a quadratic polynomial f*(eps1,eps2,…,epsn) on the noise variables

Therefore, we are looking for an affine approximation to f*

The error of the trivial range estimate is four times the error of the best affine approximation. Chebyshev 



FERC Conference Mehrdad Pirnia

Introduction
Background Review

Developed Models 
Future Work 

Proposed Power Flow MCP 

Affine-Based Power Flow Model

AA Power Flow: Bus Voltage Components in AA Form
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Proposed Power Flow MCP 

Affine-Based Power Flow Model

Affine Real and Reactive Power
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Proposed Power Flow MCP 

Affine-Based Power Flow Model

AA Power Flow: Step-wise Procedure
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Proposed Power Flow MCP 

Affine-Based Power Flow Model

AA Power Flow: Contraction Method
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Proposed Power Flow MCP 

Affine-Based Power Flow Model

Simulation Studies
AA is implemented in GAMS, for IEEE 14-bus test 
system.
Results are compared with Monte-Carlo simulation.
MCS uses:

• 3000 iterations
• Uniform distribution
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Results: AA-Based Bus Voltage Magnitude
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Proposed Power Flow MCP 

Affine-Based Power Flow Model

Results: Contraction Method for Bus Voltage Magnitude

Contraction method after the 1st iteration Contraction method after 5 iterations
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Proposed Power Flow MCP 

Affine-Based Power Flow Model

Results-AA based reactive power limit
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Comparison with Given Limits Comparison with Monte-Carlo Limits
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Future Work
Development of a computationally efficient and numerically accurate 
AA-based model to solve the stochastic OPF problem and the 
stochastic UC model with intermittent sources of energy such as wind 
and solar.

Provide a detailed comparison of the AA-based solution with the other 
available solutions such as MCS in regards to its computational 
efficiency and numerical accuracy. 

Investigate the applications of the proposed AA-based OPF and UC 
methods to optimal spinning reserve requirements and optimal line 
switching.
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